Abstract. Let C be an elliptic curve defined over Q by the equation y 2 = x 3 + Ax + B where A, B ∈ Q. A sequence of rational points (x i , y i ) ∈ C(Q), i = 1, 2, . . . , is said to form a sequence of consecutive squares on C if the sequence of x-coordinates, x i , i = 1, 2, . . ., consists of consecutive squares. We produce an infinite family of elliptic curves C with a 5-term sequence of consecutive squares. Furthermore, this sequence consists of five independent rational points in C(Q). In particular, the rank r of C(Q) satisfies r ≥ 5.
Introduction
In [4] , Bremner initiated the discussion of certain arithmetic questions on rational points of elliptic curves attempting to relate the group structure on an elliptic curve E to the addition group operation on the rational line. He raised the question of the existence of a sequence of rational points in E(Q) whose x-coordinates form an arithmetic progression in Q. Such sequence is called an arithmetic progression sequence in E(Q). A variety of questions may be posed. For instance, how long these sequences can be and how many elliptic curves would have such long sequences of rational points. The existence of infinitely many elliptic curves with length 8 arithmetic progressions was proved. Several authors introduced different approaches to find infinitely many elliptic curves with longer arithmetic progression sequences, see [1, 6, 8, 11] .
In [5] , the study of sequences of rational points on elliptic curves whose xcoordinates form a geometric progression in Q was initiated. An infinite family of elliptic curves having geometric progression sequences of length 4 was exhibited. It was remarked that infinitely many elliptic curves with 5-term geometric progression sequences can be constructed.
In this note, we discuss sequences of rational points on elliptic curves whose xcoordinates form a sequence of consecutive squares. We consider elliptic curves defined by the equation y 2 = ax 3 +bx+c over Q. We show that elliptic curves defined by the latter equation with 5-term sequences of rational points whose x-coordinates are elements in a sequence of consecutive squares in Q are parametrized by an elliptic surface whose rank is positive. Hence, one deduces the existence of infinitely many such elliptic curves. Moreover, we show that the five rational points forming the sequence are linearly independent in the group of rational points of the elliptic curve they lie on. In particular, we introduce an infinite family of elliptic curves of rank ≥ 5.
Sequences of Consecutive Squares
Definition 2.1. Let C be an elliptic curve defined over a number field K by the Weierstrass equation
The following proposition ensures the finiteness of the sequence of consecutive squares on an elliptic curve. Proposition 2.2. Let C be an elliptic curve defined over a number field K by a Weierstrass equation of the form
Let (x i , y i ) ∈ C(K) be a sequence of consecutive squares on C. Then the sequence (x i , y i ) is finite.
Proof:
We can assume without loss of generality that
This sequence gives rise to a sequence of rational points on the genus 2 hyperelliptic curve
Namely, the points (u + i, y) ∈ C(K). According to Faltings' Theorem, [7] , one knows that C(K) is finite, hence the sequence is finite. ✷ Based on the above proposition, one may present the following definition.
Definition 2.3. Let C be an elliptic curve over Q defined by a Weierstrass equation. Let (x i , y i ) ∈ C(Q), i = 1, 2, . . . , n, be a sequence of consecutive squares on C. Then n is said to be the length of the sequence.
Constructing elliptic curves with long sequences of consecutive squares
In this note, we focus our attention on the family of elliptic curves given by the affine equation C : y 2 = ax 3 + bx + c over Q. We will show that there are infinitely many elliptic curves defined by the latter equation containing 5-term sequences of consecutive squares. One observes that if (t 2 , d), ((t + 1) 2 , e), and ((t + 2) 2 , f ) lie in C(Q), where t ∈ Q, then these rational points form a 3-term sequence of consecutive squares. Indeed, one has
It is a standard linear algebra exercise to show that
(1 + 2t)(15 + 28t + 21t 2 + 6t 3 ) .
(1)
In particular, one has the following result.
Remark 3.1. The above argument indicates that given d, e, f ∈ Q(t), there exist a, b, c ∈ Q(t) such that the ordered pairs (t 2 , d), ((t + 1) 2 , e) and ((t + 2) 2 , f ) are three rational points on the elliptic surface y 2 = ax 3 + bx + c.
Now, if ((t + 3)
2 , g) ∈ C(Q), then one has a 4-term sequence of consecutive squares on C. In fact, using the above values for a, b, c, one then sees that
Therefore, in view of Remark 3.1, one needs to find the elements d, e, f and g in Q(t) satisfying the latter equation in order to construct an elliptic curve C with a 4-term sequence of consecutive squares. In fact, since (d, e, f, g) = (1, 1, 1, 1) is a solution for equation (2) , the general solution (d, e, f, g) is given by the following parametrization: Theorem 3.3. The curve C : Y 2 = AX 4 + BX 3 + CX 2 + DX + E defined over Q(t) is birationally equivalent over Q(t, p, q, w) to an elliptic curve E with rank E (Q(t, p, q, w) ) ≥ 1.
Proof: After homogenizing the equation describing C, one obtains
with a rational point R = (X : Y : Z) = (1 : 140+246t+166t 2 +51t 3 +6t 4 : 0). The curve C is birationally equivalent to the cubic curve E defined by the equation V 2 = U 3 − 27IU − 27J, [10] , where
, and the specialization of E is singular only if
in E(Q(t, p, q, w)) since A is a square. One considers the specialization t = 1, q = 81 40 , w = 1 to obtain the specialization P = −4786935489 100 , −56568093052527 50 of the point P on the specialized elliptic curve
Using MAGMA, [3] , the point P is a point of infinite order on E. Therefore, according to Silverman's specialization Theorem, the point P is of infinite order on E. ✷ Corollary 3.4. For any nontrivial sequence of consecutive rational squares t 2 0 , (t 0 + 1) 2 , (t 0 + 2) 2 , (t 0 + 3) 2 , (t 0 + 4) 2 , there exist infinitely many elliptic curves E m : y 2 = a m x 3 + b m x + c m , m ∈ Z \ {0}, such that (t 0 + i) 2 , i = 0, 1, 2, 3, 4, is the x-coordinate of a rational point on E m . Moreover, these five rational points are independent.
Proof: We fix t = t 0 , q = q 0 , and w = w 0 in Q. Substituting these values into (4), one obtains the elliptic curve C t 0 ,q 0 ,w 0 : h 2 = Ap 4 + Bp 3 + Cp 2 + Dp + E, A, B, C, D ∈ Q, with positive rank, see Theorem 3.3. Now, one fixes a point P = (p, h) of infinite order in C t 0 ,q 0 ,w 0 (Q). For any nonzero integer m, we set mP = (p m , h m ) to be the m-th multiple of the point P in C t 0 ,q 0 ,w 0 (Q). Now, one substitutes t = t 0 , q = q 0 , w = w 0 , and p = p m into the formulas for d, e, f, g ∈ Q(t, p, q, w) in (3) in order to obtain the rational numbers
